Abstract In this paper we develop general Minkowski-type formulae for compact spacelike hypersurfaces immersed into conformally stationary spacetimes, that is, Lorentzian manifolds admitting a timelike conformal field. We apply them to the study of the umbilicity of compact spacelike hypersurfaces in terms of their r-mean curvatures. We derive several uniqueness results, for instance, compact spacelike hypersurfaces are umbilical if either some of their r-mean curvatures are linearly related or one of them is constant.
Introduction
Interest in the study of spacelike hypersurfaces in Lorentzian manifolds has increased very much in recent years, from both the physical and mathematical points of view. A basic question on this topic is the uniqueness of spacelike hypersurfaces with some natural geometric properties, like the vanishing or constancy of the mean curvature. A first relevant result in this direction was the proof of the Calabi-Bernstein conjecture for maximal hypersurfaces (that is, zero mean curvature spacelike hypersurfaces) in Lorentz-Minkowski space given by Cheng and Yau [12] . As for the case of de Sitter space, Goddard [17] conjectured that every complete spacelike hypersurface with constant mean curvature in de Sitter space should be totally umbilical. Although the conjecture turned out to be false in its original statement, it motivated a great deal of work of several authors trying to find a positive answer to the conjecture under appropriate additional hypotheses [1, 25, 29] . For an account of the subject, see the review article by the second and third authors [10] .
As for the case of more general Lorentzian ambient spaces, in a series of recent papers, the first author together with Romero and Sánchez [5] [6] [7] studied the uniqueness of space-like hypersurfaces with constant mean curvature in a wide class of Lorentzian manifolds, the so-called conformally stationary spacetimes. Since our work will be developed in such ambient spacetimes, we will describe here that class of Lorentzian manifolds, and its relation to other known spacetimes, such as generalized Robertson-Walker spacetimes. Throughout this paper,M will denote a conformally stationary spacetime, that is,M will be a manifold endowed with a Lorentzian metric tensor , , which will be equipped with a timelike conformal vector field K ∈ X (M ). The fact that K is conformal means that the Lie derivative of the Lorentzian metric , with respect to K satisfies
for a certain smooth function φ ∈ C ∞ (M ). In particular, when K is a Killing field (φ ≡ 0), thenM is classically called a stationary spacetime. The reason for the terminology conformally stationary spacetime in our context is due to the fact thatM endowed with the conformally related metric , * = (1/|K|) , , where |K| = − K, K > 0, is in fact a stationary spacetime, since the timelike field K is a Killing field for , * [37, Lemma 2.1].
From a purely mathematical interest, stationary spacetimes have been recently studied by different authors in order to obtain geodesic completeness of Lorentzian manifolds [21, 31] as well as interesting classification results [32] . On the other hand, Sánchez [36] studied the geometry of stationary spacetimes from several points of view, some of them of physical interest. In general relativity, symmetry is usually based on a local one-parameter group of isometries generated by a Killing or, more generally, a conformal vector field K. In fact, the main simplification for the search of exact solutions to the Einstein equation is to assume, a priori, the existence of such symmetries [13, 15] . Even more useful has been the use of affine and affine conformal vector fields in obtaining new exact solutions [14] . Although in such approaches the causal character of the Killing or conformal vector field K is not always presumed, it is natural to assume that K is timelike. This is supported by very well-known examples of exact solutions. Moreover, when K is timelike its integral curves become a privileged class of observers (in the sense of [35] ) or test particles in spacetime.
The class of conformally stationary spacetimes includes the family of generalized Robertson-Walker spacetimes. By a generalized Robertson-Walker spacetime, we mean a Lorentzian warped productM = −I × f F n with Riemannian fibre F and warping function f . In that case, the timelike conformal field K is given by K(t, p) = f (t)(∂/∂t) (t,p) and φ(t, p) = f (t). Moreover, by observing that a Lorentzian manifold which is globally conformal to a conformally stationary spacetime is itself a conformally stationary spacetime, it follows that conformally stationary spacetime also includes those Lorentzian manifolds which are globally conformal to generalized Robertson-Walker spacetimes as well as to stationary spacetimes. We refer the reader to [19] and [33] for some recent advances on the global structure of conformally stationary spacetimes. It is interesting to observe that, for a generalized Robertson-Walker spacetime, the conformal field K is also closed, in the sense that its metrically equivalent 1-form is closed. As observed by Montiel [25] , ifM is a conformally stationary spacetime with a closed conformal field, then it is locally isometric to a generalized Robertson-Walker spacetime. For a global analogue of this assertion, under the assumption of timelike geodesic completeness, see [25, Proposition 2] , where the author proves that it is isometric to an appropriate quotient of a generalized Robertson-Walker spacetime.
Under diverse hypotheses on the ambient space which come naturally either from a mathematical point of view (constant sectional curvature spacetimes and, more generally, Einstein spacetimes) or from a physical one (timelike convergence condition and, more generally, null convergence condition), Alías, Romero and Sánchez were able to prove that every compact spacelike hypersurface with constant mean curvature must be totally umbilical. In the case where the timelike conformal field is assumed to be closed, then the spacetime admits a foliation by totally umbilical spacelike hypersurfaces with constant mean curvature. In [26] Montiel classified the totally umbilical hypersurfaces with constant mean curvature of such spacetimes in terms of that foliation, under the hypothesis of the null convergence condition on the spacetime. He also obtained a uniqueness result for the case of spacelike hypersurfaces with constant scalar curvature.
The natural generalization of mean and scalar curvatures for an n-dimensional hypersurface is the r-mean curvatures H r , for r = 1, . . . , n. In fact, H 1 is just the mean curvature and H 2 defines a geometric quantity which is related to the scalar curvature. For instance, if the ambient space has constant sectional curvaturec, then the scalar curvature of the hypersurface is given by S = n(n − 1)(c − H 2 ) (for the details, see § 2). Therefore, it is natural to think of extending those previous results to the case of higherorder r-mean curvatures.
In order to do that, we will develop here general Minkowski-type formulae for spacelike hypersurfaces immersed into conformally stationary spacetimes. The use of those kinds of integral formulae in the Lorentzian setting was started by Montiel in [25] for the case of spacelike hypersurfaces with constant mean curvature in de Sitter space, and it was continued by the first author together with Romero and Sánchez for the case of spacelike hypersurfaces with constant mean curvature in more general spacetimes (generalized Robertson-Walker spacetimes [5, 6] and, more generally, conformally stationary spacetimes [7] ). Observe that for the case of the mean curvature only the first and the second Minkowski formulae are needed. These two Minkowski formulae were obtained in [7] for the case of spacelike hypersurfaces in conformally stationary spacetimes, although they were not called Minkowski formulae.
Higher-order Minkowski formulae for hypersurfaces were first obtained by Hsiung [20] in Euclidean space, and by Bivens [9] in the Euclidean sphere and hyperbolic space. These were generalized by Alencar and the third author [3] by using the (r + 1)-mean curvature linearized operator L r of the hypersurface.
In the Lorentzian setting, the first attempt to obtain higher-order Minkowski formulae was made by the first author together with Aledo and Romero in [2] , where they developed the corresponding Minkowski formulae for spacelike hypersurfaces in de Sitter space, and applied them to characterize the totally umbilical round spheres as the only compact spacelike hypersurfaces with constant r-mean curvature in de Sitter space, under appropriate conditions. On the other hand, Montiel [26] gave another proof of the first and second Minkowski formulae for the case of spacelike hypersurfaces in conformally stationary spacetimes with closed conformal field. His proof uses the method of parallel hypersurfaces, which has a very nice geometric interpretation. However, that method is very difficult to carry out for successive higher-order Minkowski formulae, since it involves covariant derivatives of the Ricci tensor of the ambient space. In fact, for deriving the next Minkowski formula (the third one), Montiel needed to assume that the ambient space has constant sectional curvature.
In this paper we will develop another method which follows the ideas of Reilly [30] . In fact, we will obtain the correct integrands of our integral formulae as the divergences of vector fields, in the spirit of the method developed in [3] , which uses the operator L r applied to the corresponding functions. Although more analytic than geometric, this method has the advantage of working for any higher-order mean curvature, allowing us to obtain general Minkowski-type formulae (Theorem 4.1 and Corollaries 4.2 and 4.3). Besides, we apply them to the study of the umbilicity of spacelike hypersurfaces with constant r-mean curvature, extending some previous results to the case of higher-order mean curvatures. For instance, we show (Theorem 5.2) that in a conformally stationary spacetime of constant sectional curvature, the only compact spacelike hypersurfaces having H r−1 and H r both constant, with 1 r n − 1, are the totally umbilical ones.
For the case of scalar curvature we extend [26, Theorem 8] to the case of general conformally stationary spacetimes (Theorem 5.3), and for higher-order r-mean curvatures we show the following (Theorem 5.10).
Let M n , n 3, be a compact spacelike hypersurface immersed into a conformally stationary-closed spacetimeM with constant sectional curvaturec. Assume that Div K does not vanish on M , where K denotes the closed conformal timelike vector field onM . If M has constant rth mean curvature H r , 1 r n, then M is totally umbilical inM . Besides, ifc 0, then M must be a leaf of the foliation F(K), and ifc > 0, then M is either a leaf of F(K) or a round umbilical sphere.
Here by conformally stationary-closed spacetime we mean a conformally stationary spacetime whose conformal timelike field is closed. The condition that Div K does not vanish on the hypersurface assures the existence of an elliptic point, which is needed to apply Gȧrding inequalities (see Corollary 5.5 and a stronger version in Lemma 5.4). It is worth pointing out that such a condition has an interesting physical interpretation in terms of the average behaviour of the observers in the direction of K, as well as a geometric content in terms of the critical points of the metric along the integral curves of K (see Remark 5.8) . In particular, whenM is a generalized Robertson-Walker spacetime, our result is stated as follows (Corollary 5.12). LetM = −I × f F be a generalized Robertson-Walker spacetime (necessarily with compact Riemannian fibre F ) with constant sectional curvature. Then the only compact spacelike hypersurfaces immersed intoM with constant r-mean curvature on which f does not vanish are the non-totally-geodesic spacelike slices {t}×F , with t ∈ I and f (t) = 0, except in the case whereM is isometric to de Sitter spacetime in a neighbourhood of the hypersurface M , which must be a round umbilical hypersphere.
In § 6 we give another application of our Minkowski-type formulae to the study of the umbilicity of spacelike hypersurfaces with a characteristic behaviour on their r-mean curvatures. Specifically, we obtain that the only compact spacelike hypersurfaces immersed into a conformally stationary-closed spacetime whose r-mean curvatures are linearly related are the totally umbilical ones, under the hypothesis that Div K does not vanish on the hypersurface (Theorem 6.1).
Preliminaries
LetM n+1 be an (n + 1)-dimensional (n 2) conformally stationary spacetime, endowed with a Lorentzian metric tensor , and with a timelike conformal vector field K ∈ X (M ). Recall that the fact that K is conformal means that the Lie derivative of the Lorentzian metric , with respect to K satisfies
for a certain smooth function φ ∈ C ∞ (M ). In other words,
for all vector fields V, W ∈ X (M ), where∇ stands for the Levi-Civita connection ofM . A smooth immersion ψ : M n →M n+1 of an n-dimensional connected manifold M is said to be a spacelike hypersurface if the induced metric via ψ is a Riemannian metric on M , which, as usual, is also denoted by , . Since the timelike vector field K ∈ X (M ) is globally defined onM , it determines a time-orientation onM . Thus, for a given spacelike hypersurface ψ : M →M , there exists a unique timelike unit normal field N globally defined on M which is in the same time-orientation as K, so that
holds everywhere on M . If ∇ denotes the Levi-Civita connection of M , then the Gauss and Weingarten formulae for the hypersurface inM are given, respectively, bȳ
and
for all tangent vector fields X, Y ∈ X (M ). Here A : X (M ) → X (M ) defines the shape operator of M with respect to N .
As is well known, the curvature tensor R of the hypersurface M is described in terms ofR, the curvature tensor of the ambient spacetimeM , and the shape operator of M by the so-called Gauss equation, which can be written as
for all tangent vector fields X, Y, Z ∈ X (M ), where (R(X, Y )Z) T denotes the tangential component ofR(X, Y )Z. Observe that our choice for the curvature tensor is the one in [28] . On the other hand, the Codazzi equation of the hypersurface describes the normal component ofR(X, Y )Z in terms of the derivative of the shape operator, and it is given by
where ∇ X A denotes the covariant derivative of A (we refer the reader to [28, Chapter 4] for the details). In particular, when the ambient spacetime has constant sectional curvature, thenR(X, Y )Z is tangent to M for every X, Y, Z ∈ X (M ), and (2.5) becomes
Associated with the shape operator of M there are n algebraic invariants, which are the elementary symmetric functions σ r of its principal curvatures κ 1 , . . . , κ n , given by
The rth mean curvature H r of the spacelike hypersurface is then defined by
In particular, when r = 1,
is the mean curvature of M , which is the main extrinsic curvature of the hypersurface. The choice of the sign (−1) r in our definition of H r is motivated by the fact that in that case the mean curvature vector is given by H = HN . Therefore,
and only if H(p) is in the same time-orientation as N (p), and hence as K(p).
When r = 2, H 2 defines a geometric quantity which is related to the (intrinsic) scalar curvature of the hypersurface. Indeed, it follows from the Gauss equation (2.4) that the Ricci curvature of M is given by
for X, Y ∈ X (M ), where Ric stands for the Ricci curvature of the ambient spacetimeM . Therefore, the scalar curvature S of the hypersurface M is
For instance, if the ambient spacetime is Einstein with Ric =C , ,C being a real constant, thenS = (n + 1)C and n(n − 1)H 2 = (n − 1)C − S. In particular, when the ambient spacetime has constant sectional curvaturec we obtain that S = n(n − 1)(c − H 2 ).
The Newton transformations
In this section we will introduce the corresponding Newton transformations
which arise from the shape operator A. These Newton transformations will be used in the next section to derive our integral formulae. According to our definition of the rth mean curvatures, the Newton transformations are given by
where I denotes the identity in X (M ), or, inductively,
Observe that the characteristic polynomial of A can be written in terms of the H r as
where H 0 = 1. By the Cayley-Hamilton Theorem, this implies that T n = 0. Let us remark that T r = (−1) rT r , whereT r is the rth Newton transformation defined by Reilly in [30] for the case of hypersurfaces in a Riemannian space form (see also [34] for a more accessible modern treatment given by Rosenberg). The use of the Newton transformations for the case of spacelike hypersurfaces in Lorentzian spaces was introduced by the first author, jointly with Aledo and Romero, in [2] , where they were applied to the study of compact spacelike hypersurfaces in de Sitter space with constant higher-order mean curvature.
Observe that the Newton transformations T r are all self-adjoint operators which commute with the shape operator A. Moreover, if {e 1 , . . . , e n } is an orthonormal frame on
where
It follows from here that for each r, 0 r n − 1,
where c r = (n − r) n r = (r + 1) n r + 1 .
The divergence of T r is defined by
where {E 1 , . . . , E n } is a local orthonormal frame on M . Below we will compute div T r , which will be necessary for its later use. 
Equivalently, for every tangent field X ∈ X (M ) it follows that
A similar expression to (3.4) has recently been obtained by Lima [24] in the Riemannian setting, using a very different argument to ours.
Proof . It is clear that div
Now, using the Codazzi equation (2.5), we get, for X ∈ X (M ),
It remains to show that
We will prove this by computing in a local orthonormal frame on M that diagonalizes A. It is worth pointing out that such a frame does not always exist; problems occur when the multiplicity of the principal curvatures changes (also the principal curvatures are not necessarily everywhere differentiable). For that reason, we will work on the subset 
where, as usual,
This proves (3.6) on M 0 and, by continuity, on M . Finally, (3.6) jointly with (3.5) gives (3.3). Equation (3.4) follows easily from (3.3) by an inductive argument.
In particular, when the ambient spacetimeM has constant sectional curvature, then (R(N, X)Y ) T = 0 for every tangent vector fields X, Y ∈ X (M ) and equation (3.4) implies that div T r = 0 for every r. 
The integral formulae
In this section we will derive some general integral formulae for compact spacelike hypersurfaces in a conformally stationary spacetimeM . In order to do that, let us consider K T ∈ X (M ), the vector field obtained on the hypersurface M by taking the tangential component of K, that is,
Most of the interesting and useful integral formulae in Riemannian geometry are obtained by computing the divergence of certain vector fields and applying the divergence theorem. The interesting integral formulae therefore correspond to vector fields with interesting divergences. Our idea here is to compute the divergence div(T r K T ). Using that ∇ X T r is self-adjoint for any X ∈ X (M ), an easy computation shows that
where {E 1 , . . . , E n } is a local orthonormal frame on M . By taking the covariant derivative in (4.1) and using (2.2) and (2.3), we obtain from (2.1) that
for tangent vector fields X, Y ∈ X (M ). Let us choose {E 1 , . . . , E n } a local orthonormal frame on M diagonalizing A. Then by (3.1) we have
and from (4.3) we obtain
Therefore, using (3.2) and (4.4), equation (4.2) becomes
where c r = (r + 1) n r + 1 .
Integrating now equation (4.5) on M , the divergence theorem implies the following integral formulae. 
Corollary 4.2. Let ψ : M →M be a compact spacelike hypersurface immersed into a conformally stationary spacetimeM . Suppose that the following condition holds for some r:
We will refer to (4.7) as the rth Minkowski formula for the hypersurface M . Observe that, particularly when the ambient spacetimeM has constant sectional curvature, we know by Corollary 3.2 that all the Newton transformations are divergence-free and the condition (4.6) automatically holds for every r. We then have the following. On the other hand, in the general case we also know that div T 0 = 0, so that the first Minkowski formula always holds in any conformally stationary spacetime. As for the second Minkowski formula, it follows from (3.4) that
Therefore, the second Minkowski formula also holds for those hypersurfaces satisfying that K T is orthogonal to Ric(N ), where Ric is the Ricci operator ofM , that is, Ric(V ), W = Ric(V, W ) for every V, W ∈ X (M ). In particular, this happens when the ambient spacetime is Einstein.
Our Minkowski-type formulae widely generalize previous integral formulae obtained by the first author together with Romero and Sánchez. Specifically, in [7] they obtained the first and second Minkowski formulae for compact spacelike hypersurfaces in conformally stationary spacetimes, and applied them to the study of compact spacelike hypersurfaces with constant mean curvature (see also [5, 6] for a first version of those formulae in the case where the ambient spacetime is a generalized Robertson-Walker spacetime). More recently, Montiel [26] has given another proof of the first and second Minkowski formulae in the case where the ambient spacetimeM is equipped with a conformal timelike vector field K which is also closed, in the sense that its metrically equivalent 1-form is closed. Equivalently, that means that∇ V K = φV, for every vector field V ∈ X (M ), for a certain smooth function φ ∈ C ∞ (M ). Following the original ideas of Hsiung in his proof of Minkowski formulae for hypersurfaces in Euclidean spaces [20] , Montiel's approach uses the method of parallel hypersurfaces, which has a very nice geometric interpretation. However, that method is very difficult to carry out for successive higher-order Minkowski formulae, since it involves covariant derivatives of the Ricci tensor ofM . Although more analytic than geometric, our method has the advantage of working for any higher-order mean curvature.
Umbilicity of constant r-mean curvature compact spacelike hypersurfaces
In this section we will derive some applications of our Minkowski formulae for the case of spacelike hypersurfaces immersed into a conformally stationary spacetime with constant sectional curvature. Observe that ambient spaces with constant sectional curvature are a natural setting for studying constant r-mean curvature hypersurfaces, since when the ambient space has constant sectional curvature, then every totally umbilical hypersurface M has constant rth mean curvature H r for every r. In fact, if M is totally umbilical, then A = λI for a smooth function λ ∈ C ∞ (M ). But the Codazzi equation (2.6) implies that λ is constant on M , and hence every H r is constant.
First of all, observe that if the mean curvature H 1 is constant, multiplying by the constant H 1 the first Minkowski formula we get
The second Minkowski formula gives now
so that subtracting these two formulae we obtain that
Besides, the Cauchy-Schwarz inequality yields
the equality holding only at umbilical points. Therefore, since K, N −|K| < 0 we deduce that H Observe that in the proof of this result we have only used the first and second Minkowski formulae. Since those two Minkowski formulae also hold when the ambient spacetime is assumed to be Einstein, the proof of this result also implies that every compact spacelike hypersurface with constant mean curvature in a conformally stationary Einstein spacetime must be totally umbilical [7, Theorem 3.2] . In particular, every compact spacelike hypersurface with constant mean curvature in an Einstein generalized Robertson-Walker spacetime (necessarily with closed Riemannian fibre) must be totally umbilical [6, Proposition 1] .
Since Subtracting these two formulae we now obtain that
On the other hand, it is known that the following generalization of the Cauchy-Schwarztype inequality holds true (see, for instance, [18, Theorem 51, p. 52, Theorem 144, p. 104]):
the equality holding only at umbilical points. Therefore, since K, N −|K| < 0, we deduce as above that H 2 r − H r−1 H r+1 ≡ 0 and the hypersurface must be totally umbilical.
In [26, Theorem 8] , Montiel gave a uniqueness result for compact spacelike hypersurfaces with constant scalar curvature immersed into a conformally stationary spacetime with constant sectional curvature which is equipped with a closed conformal timelike vector field. From now on, when the conformal timelike vector field ofM is closed, we will say thatM is a conformally stationary-closed spacetime. On the other hand, recall that when the ambient spacetime has constant sectional curvaturec, then the scalar curvature of the hypersurface S is related to H 2 by S = n(n − 1)(c − H 2 ). Below we extend Montiel's result to the case of conformally stationary spacetimes, not necessarily with a closed conformal timelike field. Proof . Multiplying by the constant H 2 the first Minkowski formula and subtracting the third Minkowski formula, we obtain
H 2 > 0, and H 1 does not vanish on M . By choosing the appropriate orientation, we may suppose that H 1 > 0 on M . This can be done because H 2 does not depend on the chosen orientation (in fact, H 2 is an intrinsic quantity). Besides, we also know by (5.2) that H
with equality at the umbilical points. Therefore, from the integral formula (5.3) we deduce that H 1 H 2 − H 3 ≡ 0 and M is totally umbilical.
It is worth pointing out that for surfaces in de Sitter 3-space S 3 1 , the hypothesis S < n(n − 1)c in Theorem 5.3 is unnecessary [24, Theorem 4.4] . However, when n 3 it is still unknown whether that hypothesis can be removed for hypersurfaces in S n+1 1 (see, for instance, [2, 11, 23, 39, 40]) .
From now on, we will restrict ourselves to the case of conformally stationary-closed spacetimes. Observe that this includes the case of generalized Robertson-Walker spacetimes. Besides, observe that from (2.1), the function φ can be characterized as
where 'Div' denotes the divergence ofM . The following results will be essential in the rest of our applications. Here, by an elliptic point we mean a point where all the principal curvatures κ i (p 0 ) have the same sign. The local condition that Div K does not vanish at a point where |K| M attains a local minimum cannot be dropped, as shown in the following example.
Example 5.6. LetM = −I × f F n be a generalized Robertson-Walker spacetime with compact Riemannian fibre F and warping function f . In that case, K(t, p) = f (t)(∂/∂t) (t,p) and Div K = (n + 1)φ(t, p) = (n + 1)f (t). Then for each t 0 ∈ I, the spacelike slice
is a compact totally umbilical hypersurface with constant r-mean curvature H r (t 0 ) = (f (t 0 )/f (t 0 )) r (for the details, see [5] ). In particular, if f (t 0 ) = 0, then M t0 is a compact totally geodesic hypersurface without elliptic points. As for its Hessian, we have for every tangent vector field X ∈ X (M ) that
. Therefore, at the point p min we get 
Remark 5.7. It is worth pointing out that if Div K(p min ) is negative, then the elliptic point, which is also the point p min where u attains its minimum, now satisfies
This makes sense since we are orienting M by the timelike unit normal field N which is the same time-orientation as K.
Remark 5.8. The hypothesis on Div K has both a geometric and a physical content. Actually, from a mathematical point of view the fact that Div K never vanishes on M prevents the hypersurface from having critical points of the metric , along the integral curves of K as
Recall here that for a compact hypersurface in Euclidean space, an elliptic point occurs at a critical point (of maximum or minimum) of the squared length of the position vector, where the position vector is orthogonal to the hypersurface. The same process is used in the proof of Lemma 5.4: we seek a point p min where the positive function − K, K attains a minimum on M to have K(p min ) orthogonal to M . However, since now ∇ K, K = 2φK T , to guarantee that K(p min ) is orthogonal to M we need to have φ(p min ) = 0. In the Euclidean case, we do not need any additional hypothesis on the divergence of the position vector because in that case it is homothetic with constant φ ≡ 1 = 0.
On the other hand, from a physical point of view, the normalized vector field In other words, every compact spacelike hypersurface in −I × f F which is contained in a timelike bounded region
with f (t) = 0 for all t ∈ (t 1 , t 2 ), has an elliptic point.
As an application of Corollary 5.5, we are able to extend Theorems 5.1 and 5.3 to the case of higher-order mean curvatures in the following terms. Before stating the result, let us recall that ifM is a conformally stationary-closed spacetime with closed conformal field K, then K determines a foliation F(K) ofM by totally umbilical spacelike hypersurfaces with constant mean curvature (and hence, constant r-mean curvature) [ : x, a < 0}. Let us recall that the Euclidean sphere S n+1 does contain non-umbilical compact hypersurfaces with constant H r which are not contained in an open half-sphere, for instance, the tori S n−m ( ) × S m ( 1 − 2 ) ⊂ S n+1 , for every 1 m n − 1 and 0 < < 1. These tori are examples of non-umbilic compact (isoparametric) hypersurfaces in the sphere with constant H r , for every r 1. The situation in de Sitter space is radically different since the compactness of the spacelike hypersurface forces it to be diffeomorphic to an n-sphere, which is a strong topological restriction. Indeed, it is our impression that there does not exist any non-umbilic compact spacelike hypersurface in de Sitter space with constant H r , although it has not yet been proved.
In particular, for the case of generalized Robertson-Walker spacetimes, using the characterization of their totally umbilical compact spacelike hypersurfaces given by Montiel [26, Theorem 6] we can conclude from Theorem 5.10 the following. 
